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We consider dark matter consisting of weakly interacting massive particles (WIMPs) and revisit
in detail its thermal evolution in the early universe, with a particular focus on models where the
annihilation rate is enhanced by the Sommerfeld effect. After chemical decoupling, or freeze-out,
dark matter no longer annihilates but is still kept in local thermal equilibrium due to scattering
events with the much more abundant standard model particles. During kinetic decoupling, even
these processes stop to be effective, which eventually sets the scale for a small-scale cutoff in the
matter density fluctuations. Afterwards, the WIMP temperature decreases more quickly than the
heat bath temperature, which causes dark matter to reenter an era of annihilation if the cross-section
is enhanced by the Sommerfeld effect. Here, we give a detailed and self-consistent description of
these effects. As an application, we consider the phenomenology of simple leptophilic models that
have been discussed in the literature and find that the relic abundance can be affected by as much
two orders of magnitude or more. We also compute the mass of the smallest dark matter subhalos
in these models and find it to be in the range O(10−10M) − O(10M); even much larger cutoff
values are possible if the WIMPs couple to force carriers lighter than about 100 MeV. We point out
that a precise determination of the cutoff mass allows to infer new limits on the model parameters,
in particular from gamma-ray observations of galaxy clusters, that are highly complementary to
existing constraints from g − 2 or beam dump experiments.
PACS numbers: 95.35.+d, 98.80.-k, 98.80.Cq, 95.30.Tg
I. INTRODUCTION
A plethora of independent cosmological observations,
taken over a large range of distance scales, strongly sup-
ports the existence of cold, non-baryonic dark matter
(DM); according to the most recent estimates, it con-
tributes a fraction of ΩDM = 0.229 ± 0.015 to the total
energy content of the universe [1]. Weakly interacting
massive particles (WIMPs) are the leading candidate for
the so far still obscure nature of the DM, well motivated
from particle physics and potentially offering promising
prospects for detection in indirect, direct and accelerator
searches [2]. When mentioning DM in this article, we
will always refer to WIMPs.
One of the most appealing aspects of WIMPs is their
thermal production in the early universe, resulting in a
relic density that is roughly of the same order as the ob-
served DM density today [3]. While this somewhat sim-
plistic picture actually changes when taking into account
complications [4] like co-annihilations, thresholds or res-
onances, the main idea still remains the same: at very
high temperatures, WIMPs are kept in thermal equilib-
rium through annihilation and creation processes with
the standard model particles of the heat bath; once the
interaction rate falls considerably behind the Hubble ex-
pansion, the WIMP number density “freezes out” and is
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only affected by the further expansion of the universe (for
a very thorough treatment, see e.g. Refs. [5, 6]).
Even after this chemical decoupling, WIMPs stay in
thermal contact with the heat bath due to the much
more frequent elastic-scattering events with the relativis-
tic standard model particles [7, 8]. At kinetic decou-
pling, which actually happens on a rather short timescale
[9, 10], even these scattering processes cease to be effec-
tive; in the standard picture, there is then no further in-
teraction between WIMPs and the heat bath. From this
point on, density perturbations in the DM component
are thus no longer tightly bound to density perturbations
in the radiation component and can freely develop, with
free-streaming effects setting a lower bound to the size
of over-dense regions that will eventually collapse under
the influence of gravitation [11–14]; acoustic oscillations
lead to a similar cutoff [15, 16].
While the processes that determine the relic density
and the cutoff in the power spectrum of matter den-
sity fluctuations often happen at completely unrelated
timescales, however, this does not necessarily have to be
the case. In models where the annihilation rate at small
relative velocities is strongly enhanced, e.g., the effects of
annihilation and scattering processes on the DM distri-
bution can strongly interfere and change the simple pic-
ture sketched above. In particular, one may encounter
a new era of DM annihilations after kinetic decoupling
has taken place [17–19]. Physically, such strongly en-
hanced annihilation rates can be motivated by the re-
peated exchange of relatively light force carriers, known
as the Sommerfeld effect [20]; in the context of DM anni-
hilation, this has first been studied for heavy neutralino
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2DM coupling to SU(2) gauge bosons [21–23], but seen a
boost of interest (see, e.g. Refs. [24–30]) in the context
of possible DM explanations for the apparent anomalies
in the observed cosmic ray electron and positron fluxes
[31].
Here, we revisit in detail how WIMPs decouple from
the thermal bath in the early universe and derive, by
extending the standard calculation, a coupled system of
equations that describes the evolution of the WIMP num-
ber density and velocity dispersion (aka the WIMP “tem-
perature”). This allows to compute the evolution of these
quantities to a very high precision and, in particular,
treat situations like the one mentioned in the previous
paragraph in a fully consistent way that can be applied
to any DM model where the annihilation rate is enhanced
for small relative velocities.
As an application, we focus on a simple toy-model with
large Sommerfeld enhancement and compute both the
final relic density and the size of the smallest subhalo
masses. We demonstrate that the above-mentioned ef-
fects can be sizable and that the consistent treatment de-
rived here is indeed necessary to reliably compute these
quantities in DM models where the Sommerfeld effect
is relevant. Interestingly, gamma rays from DM annihi-
lation in galaxy clusters may place strong lower limits
on the cutoff mass in these kind of models [32, 33]; we
demonstrate here that a reliable and self-consistent com-
putation of this quantity can therefore be used, in prin-
ciple, to translate these limits into constraints on the pa-
rameter space that are highly complementary to existing
constraints from g − 2 or beam dump experiments.
This article is organized as follows. We start in Sec. II
with a concise review of chemical and kinetic decoupling
of WIMPs, extending the standard treatment in such a
way as to take into account possible interferences between
the two. In Sec. III, we then discuss in detail the evo-
lution of the DM phase-space distribution after kinetic
decoupling, with a particular focus on the possibility of
Sommerfeld-enhanced annihilation rates. Section IV is
devoted to the application of our general formalism to
a concrete leptophilic DM particle model. We discuss
our results in Sec. V and present our conclusions and
an outlook in Sec. VI. In Appendix A, we collect some
relevant details about the Sommerfeld effect. For the lep-
tophilic toy-model studied in Sec. IV, we provide current
constraints in Appendix B and, for convenience, a col-
lection of scattering and annihilation matrix elements in
Appendix C.
II. THE STANDARD THERMAL EVOLUTION
OF WIMPS
In this section, we review the standard case of ther-
mally produced particles in the expanding universe. The
evolution of their phase-space density f(p), in partic-
ular, is described by the Boltzmann equation which in
a Friedmann-Robertson-Walker metric reads (see, e.g.,
[34, 35])
E (∂t −Hp · ∇p) f = C[f ] . (1)
Here, pµ = (E,p) denote comoving WIMP momenta
and H = a˙/a the Hubble parameter; all interactions
are contained in the collision term on the right-hand
side. As we will see in detail, this equation describes
how WIMPs start in perfect thermodynamic equilibrium
with the early, very dense and hot universe and eventu-
ally decouple completely from the heat bath, in several
distinct stages, as the universe continues to expand.
A. Chemical decoupling
The evolution of the DM particle number density
nχ ≡ gχ
∫
d3p
(2pi)3
f(p) (2)
is affected both by the expansion of the universe and by
DM annihilation into, or creation from, SM particles. Re-
stricting ourselves to 2-body processes, the corresponding
contribution to the collision term is given by
Cann =
1
2gχ
∑
X
∫
d3k
(2pi)32ω
∫
d3k˜
(2pi)32ω˜
∫
d3p˜
(2pi)32E˜
×(2pi)4δ(4)(p˜+ p− k˜ − k)[
|M|2χ¯χ←X¯X g(ω)g(ω˜)− |M|2χ¯χ→X¯X f(E)f(E˜)
]
= gχE
∑
X
∫
d3p˜
(2pi)3
vrelσχ¯χ→X¯X
×
[
feq(E)feq(E˜)− f(E)f(E˜)
]
. (3)
where kµ = (ω,k) and k˜µ = (ω˜, k˜) are the 4-momenta of
the SM particles X and g = geq =
(
eω/T ± 1)−1 their
distribution functions; |M|2 refers to the matrix ele-
ment summed over both SM and DM internal (spin) de-
grees of freedom gX,χ. Note that we can safely neglect
Pauli-suppression factors in the nonrelativistic regime
(〈p2〉  m2χ) we are considering here. The second step
follows from CP invariance and the fact that annihilation
and creation processes should happen with the same fre-
quency in equilibrium; the velocity appearing here is the
Møller velocity, vrel = vMøl ≡ (EE˜)−1
√
(p · p˜)2 −m4χ.
In order to proceed, one usually assumes that f(E) ∝
feq(E) = e
−E/T , with a factor of proportionality that de-
scribes an effective chemical potential which may depend
on T (but not E); this is motivated by the fact that the
much more abundant scattering processes of DM with
SM particles still keep the DM particles in kinetic, but
not chemical equilibrium – see also the following Section.
Integrating Eq. (1) over
∫
d3p gχ/
[
(2pi)3E
]
then results
3in1
n˙χ + 3Hnχ = −〈σvrel〉eq
(
n2χ − neqχ 2
)
, (4)
with neqχ = m
3
χgχK2(x)/(2pi
2x) in the nonrelativistic
regime and
〈σvrel〉eq ≡
g2χ
neqχ
2
∫
d3p
(2pi)3
∫
d3p˜
(2pi)3
×vrelσχ¯χ→X¯Xfeq(E)feq(E˜) (5)
' 4x
3/2
√
pi
∫ 1
0
(σvrel) v
2e−v
2xdv , (6)
where K2 is the modified Bessel function of second order
and v is the velocity of each WIMP in the center-of-mass
frame. The last approximation is valid for large x and,
for x & 10, reproduces the full analytical result [5] to
an accuracy of better than 1% for all relevant functional
dependences of (σvrel). A simple power-law
(σvrel) = σ0v
2n , (7)
in particular, results in
〈σvrel〉eq ' 2σ0√
pi
Γ
(
n+
3
2
)
x−n ≡ σ˜0x−n . (8)
The next step is to introduce dimensionless variables
x ≡ mχ/T , (9)
Y ≡ nχ/s , (10)
where T is the temperature of the heat bath and s =
g∗S(T ) 2pi
2
45 T
3 the entropy density. Using entropy conser-
vation, ∂t
(
a3s
)
= 0, one can then transform Eq. (4) to
the convenient form
Y ′
Y
= −
(
1− x
3
g′∗S
g∗S
)
nχ〈σvrel〉eq
Hx
(
1− Y
2
eq
Y 2
)
, (11)
where ′ ≡ d/dx. Note that without the assumption
of f(E) ∝ feq(E), we would have arrived at a very
similar equation, with
(
1 − Y 2eq/Y 2
)
being replaced by(〈σvrel〉/〈σvrel〉eq − Y 2eq/Y 2), where 〈σvrel〉 is defined ex-
actly as in Eq. (5), but for an arbitrary WIMP distri-
bution, i.e. with (feq, n
eq
χ ) → (f, nχ). During radiation
domination, H2 = 4pi
3
45m2Pl
geffT
4, Eq. (11) simplifies further
to
dY
dx
= −λx−2−n(Y 2 − Y 2eq) , (12)
1 When including coannihilations [4], this equation takes the same
form – with Eq. (5) being replaced by an effective thermally av-
eraged cross-section 〈σeffv〉 and n(eq)χ denoting the total (equi-
librium) number density of all co-annihilating particles [6].
where we have assumed Eq. (7) to hold and introduced
λ ≡ g∗S√
geff
(
1− x
3
g′∗S
g∗S
)√
pi
45
mPlmχσ˜0 . (13)
At very early times, Eq. (11) forces Y to follow the
equilibrium value Y = Yeq, i.e. WIMPs are very effi-
ciently kept in chemical equilibrium with the heat bath
and detailed balance is maintained between DM annihi-
lation and creation from heat bath particles. At chemical
decoupling, the factor in front of (1−Y 2eq/Y 2) in Eq. (11)
has dropped to a value where DM annihilations are no
longer efficient enough to maintain chemical equilibrium
and Y starts to decrease at a slower rate than Yeq. From
inspection of this equation, this roughly happens when
H ∼ 〈σvrel〉eq neqχ ; for WIMPs with the right relic density
to explain all of the observed DM today, this is the case
at xcd ' 20− 28 (see, e.g., [10]). Only slightly later, the
DM density freezes out completely, i.e. Y (which roughly
corresponds to its comoving number density) stays con-
stant – for standard WIMPs essentially until today. In
the case of a Sommerfeld-enhanced annihilation rate, the
expected range of xcd essentially does not change. Com-
pared to the standard case, however, the final stage of the
freeze-out process may be delayed. For the models that
we will consider here, this corresponds to an increase in
x99 by up to a factor of 20, or even more in the case of
resonances, where we define x99 as the value of x when
Y differs from its asymptotic value by less than 1%.
B. Kinetic decoupling
After chemical decoupling, WIMPs are still kept in lo-
cal thermal equilibrium with the heat bath by the much
more frequent elastic scattering processes with SM par-
ticles.2 These contributions to the collision term read:
Cel =
1
2gχ
∑
X
∫
d3k
(2pi)32ω
∫
d3k˜
(2pi)32ω˜
∫
d3p˜
(2pi)32E˜
×(2pi)4δ(4)(p˜+ k˜ − p− k)|M|2χX↔χX[ (
1∓ g±(ω)) g±(ω˜)f(p˜)
− (1∓ g±(ω˜)) g±(ω)f(p)] , (14)
where 4-momenta with (without) a tilde describe ingoing
(outgoing) particles and |M|2 again is the matrix element
squared and summed over all spin states. Note that Cel
only contains particle number-conserving processes, so it
does not contribute to Eq. (4) – as can straight-forwardly
be checked explicitly [9].
2 See Ref. [36] for an example of how to treat even inelastic-
scattering processes in case there exists another heavy particle
highly degenerate in mass with the DM particle χ.
4Rather than the first moment of the Boltzmann equa-
tion, as in Eq. (4) for the determination of the chemi-
cal freeze-out temperature, one may consider its second
moment to get an accurate description of when the DM
particles leave thermal equilibrium with the heat bath
[9, 10]. To this end, it is very convenient to introduce
the parameter
Tχ ≡ gχ
3mχnχ
∫
d3p
(2pi)3
p2f(p) , (15)
which would correspond to the temperature of a nonrel-
ativistic WIMP if f were a thermal distribution. The
difference between Tχ and T thus indicates how well the
WIMPs are kept in thermal equilibrium with the heat
bath. In analogy to Eq. (10), we further introduce the
dimensionless quantity
y ≡ mχTχ
s2/3
. (16)
Multiplying Eq. (1) by gχp
2/E, integrating it over p
and keeping only the leading order terms in p2/m2χ then
leads, after a somewhat lengthy calculation, to
y′
y
= −Y
′
Y
(
1− 〈σvrel〉2〈σvrel〉
)
−
(
1− x
3
g′∗S
g∗S
)
2mχc(T )
Hx
(
1− yeq
y
)
, (17)
with
〈σvrel〉2 ≡
g2χ
3Tmχn2χ
∫
d3p
(2pi)3
∫
d3p˜
(2pi)3
p2
(
vrelσχ¯χ→X¯X
)
f(E)f(E˜) (18)
f∝e−E/T
=
x
3K22 (x)
∫ ∞
1
(σvrel)
√
s˜− 1(2s˜− 1)
[
2(s˜− 1)K1(2x
√
s˜) + s˜−
1
2 (4s˜− 1)K2(2x
√
s˜)
]
ds˜ (19)
' 2x
3/2
√
pi
∫ 1
0
(σvrel) v
2
(
1 +
2
3
xv2
)
e−v
2xdv , (20)
and [10]
c(T ) =
1
12(2pi)3m4χT
∑
X
∫
dk k5ω−1 g±
(
1∓ g±) |M|2t=0
s=m2χ+2mχω+m
2
X
. (21)
In arriving at Eq. (17)3, we have assumed that Yeq  Y
and Eq. (19) is valid if f(E) ∝ e−E/T (s˜ is the dimen-
sionless version of the Mandelstam variable s ≡ 4m2χs˜).
The approximation given in Eq. (20) takes a form very
similar to Eq. (6) and also exhibits an accuracy that is
very similar, i.e. much better than at the percent-level
for the values of x that we are interested in here. For a
scaling like in Eq. (7), σvrel ∝ v2n, in particular, we find
〈σvrel〉2
〈σvrel〉 = 1 +
n
3
. (22)
Note that, for Y ′ = 0, Eq. (17) is the exact analogue of
Eq. (11): as long as the scattering processes are frequent
enough, y follows the heat-bath value yeq ≡ mχTs−2/3,
i.e. we have Tχ = T as expected. At very late times, on
3 This expression improves the corresponding Eq. (10) in Ref. [10]
by using a more suitable definition of y; more importantly, we
allow here explicitly for the case that DM annihilation has not
ended yet (i.e. dY/dx 6= 0).
the other hand, the factor in front of
(
1−yeq/y
)
becomes
vanishingly small and y stays constant, i.e. Tχ ∝ a−2,
which simply reflects the redshift of the WIMP momenta
due to the expansion of the universe. The fact that the
transition between these two regimes happens on a rather
short timescale [9, 10] allows to conveniently define the
temperature of kinetic decoupling as
xkd =
mχ
Tkd
≡ y|Y ′
!
=0
x→∞ ×
s2/3
T 2
∣∣∣∣
T=Tkd
. (23)
As expected, kinetic decoupling happens considerably
later than chemical decoupling; in the case of neutralino
DM, e.g., one finds xkd/xcd ∼ 10 − 4000 (or Tkd ∼
5 MeV − 5 GeV) [10].
As we will see, things may change considerably in situ-
ations where we cannot actually neglect Y ′. We therefore
advocate, as indicated, to use the above definition of xkd
only after setting Y ′/Y ≡ 0 by hand in Eq. (17). This
definition then accurately reflects the intuitive meaning
of kinetic decoupling even in the case where we cannot
neglect Y ′, i.e. the point where scattering processes with
heat bath particles are no longer effective.
5III. EVOLUTION OF DARK MATTER
DENSITY AFTER KINETIC DECOUPLING
In the conventional WIMP scenario, the collision term
in Eq. (1) can be completely neglected by the time
of kinetic decoupling, i.e. the further evolution of f
is only governed by the expansion of the universe –
at least until the tiny primordial density fluctuations
have grown large enough to trigger structure formation
and self-annihilation may start again. For the case of
Sommerfeld-enhanced annihilation rates, as we will dis-
cuss now in some detail, this part of the evolution history
is qualitatively different and much more complex.
A. A new era of annihilation
Let us focus on the standard situation where xkd 
xcd; around and after kinetic decoupling, we thus have
Y  Yeq. Therefore, the formal solution to Eq. (11) is
given by:
Y (x)−1 = Y (xi)−1 +
∫ x
xi
(
1− x
3
g′∗S
g∗S
)
s〈σvrel〉
Hx
dx , (24)
for any xi  xcd. In order to gain some qualitative un-
derstanding of this expression, let us again assume that
σvrel ∝ v2n. As discussed in the previous Section, we
roughly have v ' p/mχ ∝ x−1/2 before kinetic decou-
pling and v ∝ x−1 afterwards; as a consequence, we ex-
pect 〈σvrel〉 ∝ x−n˜, where
n˜ =
{
n forx . xkd
2n forx & xkd . (25)
Approximating λ given in Eq. (13) to be constant, we
can now integrate Eq. (24) and find
Y (x)−1−Y (xi)−1 ' λ
{
1
1+n˜
(
1
x1+n˜i
− 1x1+n˜
)
for n˜ 6= −1
ln(x/xi) for n˜ = −1
.
(26)
Clearly, an appreciable change in Y for x > xi is only
possible for n˜ ≤ −1; in fact, taken at face value, annihi-
lations would never cease in that case. For the standard
WIMP scenario, this is impossible to achieve since s-wave
annihilation implies n = n˜= 0 and higher partial waves
are even more strongly suppressed (e.g. n= 1 for the p-
wave). For a Sommerfeld-like 1/v enhancement of s-wave
annihilations, however, the situation looks very different
and WIMPs may reenter an era of annihilation [17]: in
this case, we do have n˜ = −1 after kinetic decoupling.
On resonances, we could actually have 〈σvrel〉 ∝ v−2,
i.e. n˜ = −2 (see Appendix A); note that this would im-
ply a non-negligible annihilation rate even before kinetic
decoupling (with n = n˜ = −1).
Let us now have a more detailed and quantitative look
at this effect. Assuming that the DM velocity distri-
bution stays Maxwellian even after kinetic decoupling
(see the following Sec. III B), we can use Eqs. (6,20) to
calculate 〈σvrel〉(2) simply by replacing T → Tχ. For a
Sommerfeld-enhanced s-wave annihilation, e.g., we then
have
〈σvrel〉 = 〈S(v)σ0〉|T=Tχ ' 2
√
mχ
piTχ
σ0 , (27)
where the last step is valid if velocities of the order of
v ∼ v¯ ≡√8Tχ/pimχ fall into the Coulomb regime where
S(v) ∝ v−1; this is exactly the T−1/2χ ∝ x1/2 scaling men-
tioned above. For a full understanding of the evolution
of the WIMP number density and temperature in this
regime, however, we need to solve the following coupled
system of differential equations for y and Y that follows
from Eqs. (11, 17):
Y ′
Y
= −
1− x3 g
′
∗S
g∗S
Hx
sY 〈σvrel〉|x=m2χ/(s2/3y) (28)
y′
y
= −
1− x3 g
′
∗S
g∗S
Hx
[
2mχc(T )
(
1− yeq
y
)
(29)
−sY
(
〈σvrel〉 − 〈σvrel〉2
)
x=m2χ/(s
2/3y)
]
.
This set of equations provides one of our central results;
it clearly demonstrates that kinetic and chemical decou-
pling cannot, in general, be treated separately.
Some insight into the asymptotic behavior of these cou-
pled equations is achieved by considering the limit where
x  xkd, i.e. where the scattering term proportional to
c(T ) can be neglected. Assuming again σvrel ∝ v2n, and
using Eq. (22), we then find
y′
y
' n
3
Y ′
Y
=
n˜
6
Y ′
Y
. (30)
For n < 0, a decreasing Y will thus have the effect of
increasing y even after kinetic decoupling; this simply
reflects the fact that the DM phase-space density is de-
pleted of low velocity particles, thereby increasing the
average velocity.
In the remainder of this Section, we will continue our
discussion of the further evolution of Y and y on a rather
general level; in Sec. IV, we will then consider a concrete
class of WIMP DM models and show that the effects dis-
cussed here can, indeed, be quantitatively quite impor-
tant in determining the relic density or the small-scale
cut off in the mass-distribution of DM subhalos.
B. Dark matter self-scattering
In the presence of a Sommerfeld-enhanced annihilation
rate, also the DM self-scattering rate is enhanced (see Ap-
pendix A 2); as a result, WIMPs can have a Maxwellian
velocity distribution,
fv(v) =
√
2
pi
(
mχ
Tχ
)3/2
v2e−
1
2mχv
2/Tχ , (31)
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FIG. 1: The Hubble rate (full, black) in comparison with the
effective DM self-scattering rate, introduced in Eq. (32), for
a few extreme parameter sets (minimal in red, maximal in
blue) of the model considered in Sec. IV (see also Table I).
The dashed and dotted lines show the on- and off-resonant
case, respectively. The dash-dotted line indicates, for com-
parison, the temperature of matter-radiation equality. The
temperature Tnt below which the DM velocity distribution
starts to deviate from a Maxwellian form is roughly given by
Γs(Tnt) ∼ H(Tnt).
even after kinetic decoupling has taken place [19, 37, 38].
In this case, as already indicated, we can easily evaluate
the thermal averages that appear in Eqs. (28, 29) by using
the expressions in Eqs. (6) and Eq. (20) with T → Tχ. We
thus would like to estimate when the DM self-scattering
ceases to be effective and the DM velocity distribution
starts to deviate from a Maxwellian form.
The self-scattering rate by which the velocities change
by O(1) is given by [19, 38]
Γs = nχ〈σT vrel v
2
rel
v20
〉 ,
=
g2χ
nχ
∫
d3p
2pi3
d3p˜
2pi3
σT vrel
v2rel
v20
f(E)f(E˜) ,
' 16nχ√
pi
(
mχ
Tχ
)5/2 ∫ 1
0
σT
v5
(1 + v2)
3 e
−v2mχTχ dv , (32)
where in the last step f ∝ e−E/Tχ was used. Here, v0 =√
2Tχ/mχ is the most probable velocity and the transfer
cross section σT is introduced in Eq. (A12).
Following Ref. [19], we define the temperature Tnt at
which the DM velocity distribution becomes nonthermal
as the temperature where the scattering rate Γs becomes
comparable to the Hubble expansion rate
Γs(Tnt) ≡ H(Tnt). (33)
We note that a more precise determination of Tnt would
in principle be possible by solving the second moment of
the Boltzmann equation with a collision term that de-
scribes WIMP self-interactions instead of scattering on
mχ mφ α g` Tkd Tnt
[TeV] [GeV] [MeV] [MeV]
Off-res. (min) 5 5 0.0955 10−7 400 11.5
Off-res. (max) 0.5 0.1 0.0154 10−1 0.0665 4× 10−5
On-res. (min) 5 5 0.0395 10−1 8.87 ∼ Tstruc
On-res. (max) 0.1 0.1 0.00168 10−2 0.145 . Tstruc
TABLE I: Model parameters for the minimal and maximal
cases (with respect to the resulting Tnt) that are shown in
Fig. 1. For resonances, self-scattering ceases to be effective at
a temperature Tstruc around the onset of structure formation
(the effect of which is not included in Fig. 1).
SM particles. Unfortunately, however, one can no longer
use the fact that the momentum transfer is small in this
case and a substantial extension to the formalism pre-
sented in Refs. [9, 10] would be required, which is beyond
the scope of this article.
For illustration, we show in Fig. 1 the evolution of
Γs(T ) and H(T ) in the resonant and nonresonant case,
for two situations that represent rather extreme cases for
the parameter space of the DM model that we consider
in Sec. IV (see Table I for the relevant model parameters
and the resulting decoupling temperatures). As can be
seen, the self-scattering rate stays larger than the Hubble
rate for a very long time if the Sommerfeld enhancement
is resonant and the scattering rate is always able to keep
the DM velocity distribution thermal beyond matter-
radiation equality at Teq ≈ 0.75 eV [1]. Once matter
domination sets in, the Hubble rate H ∝ T 3/2g1/2∗S (T )
will catch up with Γs, but for many models it stays below
the self-scattering rate all the way down to the onset of
structure formation (when the formation of gravitational
potentials leads to an increase in the DM velocities). If
we are not near a resonance, the intersection of Γs with
H will take place for much larger temperatures: in our
model, we roughly expect O(10) MeV . Tnt . O(100)
eV. Even when following a conservative approach for the
numerical calculation of σT (see Appendix A 2), we find
that a thermal velocity distribution is ensured also for
all off-resonance models considered here (i.e. before the
annihilations finally come to an end, see below).
In summary, we can safely assume a Maxwellian
WIMP velocity distribution in all cases relevant to our
discussion – though we stress that this is a nontrivial
statement that needs to be checked explicitly when ap-
plying our treatment to other DM models. The most
noteworthy exception happens if the model parameters
are tuned in such a way as to very efficiently suppress the
self-scattering rate due to the Ramsauer-Townsend effect
[39]. In this case, the analysis of Eqs. (28,29) is compli-
cated by the considerably more involved determination
of the velocity averages that appear in these equations.
We do not consider this interesting possibility any further
here but leave it as a challenge for future studies.
7C. Final relic density
As explained earlier, a new era of annihilations after
chemical (or even kinetic) decoupling is realized when
Sommerfeld enhancements are taken into account. We
now discuss in some detail three effects that can cause
these annihilations to cease eventually. Obviously, the
temperature at which this happens is important for the
correct determination of the relic density.
The first and most important effect is that the Som-
merfeld enhancement does not continue to scale like v−1
or even v−2 as v → 0 (see Appendix A), but saturates
below some cutoff velocity; at this point, DM annihila-
tions will no longer be able to keep up with the expansion
of the universe. One can estimate the temperature Tsat
at which this happens by equating the mean WIMP ve-
locity, v¯ =
√
8Tχ/pimχ for a Maxwellian distribution,
to voff ∼ 0.5 mφ/mχ (von ∼ α3 mφ/mχ) for a Som-
merfeld enhancement off-resonance (on-resonance), see
Eqs. (A8, A9). Assuming that kinetic decoupling takes
place more or less instantaneously at Tkd, and that we
have Tsat < Tkd (which is the situation we are interested
in here), the saturation temperature can thus be approx-
imated by
Tsat,off ∼ mφ
√
Tkd
mχ
, (34)
Tsat,on ∼ α3mφ
√
Tkd
mχ
. (35)
Another effect that is relevant for the discussion of the
final relic density is the onset of matter domination. We
can see this directly by using
H2(T ) =
4pi3
45m2Pl
geffT
4 +
8pi
3m2Pl
ρm,0 a
−3(T ) (36)
≡ H2r (x) +H2m(x) (37)
in Eq. (24), where ρm,0 = Ωmρc ≈ 1.10 × 10−47GeV4 is
the matter density today [1]. Evidently, Hr(x) ∝ x−2g1/2eff
and Hm(x) ∝ x−3/2g1/2∗S , i.e. the effect of matter domi-
nation on the evolution of the DM density is essentially
the same as replacing n˜ in 〈σvrel〉 ∝ x−n˜ by n′ = n˜+1/2.
As described in Sec. III A, an appreciable change in Y is
then only possible for n′ ≤ −1, which is now no longer
achieved with a 1/v enhancement after kinetic decoupling
(n′ = −1/2). Only in the special case that we are on a
resonance, we would have n′ = −3/2 after kinetic decou-
pling has taken place, and annihilations could continue
even beyond matter-radiation equality.
The last effect, which eventually brings all cosmological
WIMP annihilations to an end, is the onset of structure
formation around zstruc ∼ O(100): once significant grav-
itational potentials are formed, they start to attract the
DM particles and cause their average velocity to increase
again, eliminating the Sommerfeld effect.
For the models that we are interested in here, to be
introduced in Sec. IV, we always find
Tsat,off > Tnt  Teq . (38)
This means that the final end of DM annihilation is trig-
gered by the saturation of the Sommerfeld effect at small
velocities as long as the particular combination of DM
and exchange particle masses do not put us on a reso-
nance. On a resonance, on the other hand, the saturation
of the Sommerfeld effect happens much later and we find
cases in which the WIMPs continue to annihilate until
well after matter-radiation equality (though we always
have Tsat,on > Tstruc & Tnt).
Taking into account the appropriate saturation ef-
fect(s) described above, let us now denote with Y0 the
result of integrating Eq. (28) to x0 = mχ/T0, where
T0 = 2.348 × 10−4 eV is the photon temperature of the
universe today. The DM relic density, in units of the
critical density, is then obtained as [40]
Ωχ = mχs0Y0/ρc = 2.742× 1011h−2
( mχ
TeV
)
Y0 . (39)
For viable DM models, this should be compared to
ΩDM = 0.229± 0.015 , (40)
which is the most recent estimate from observations [1].
If the DM particle is its own antiparticle, χ = χ¯, we
should thus demand Ωχ = ΩDM; otherwise we have Ωχ =
ΩDM/2.
D. The smallest protohalos
A new era of annihilations after kinetic decoupling not
only affects the DM relic density, but also the DM veloc-
ity dispersion at the onset of structure formation. This
quantity, in turn, can be related to a small-scale cut-
off Mcut in the power spectrum of matter density fluc-
tuations which corresponds to the mass of the smallest
gravitationally bound objects [14].
Let us therefore use the asymptotic value of y, when
both DM scattering and annihilation events have finally
come to an end to define an effective asymptotic decou-
pling temperature
x∞dec =
mχ
T∞dec
≡ y|x→∞ ×
s2/3
T 2
∣∣∣∣
T=T∞dec
. (41)
Note that this temperature can be quite a bit higher than
the temperature at which the annihilations actually stop.
It thus does not have any obvious intuitive interpretation
(unless there is no second era of annihilation, in which
case it is simply given by T∞dec = Tkd), but is only intro-
duced here for convenience because it allows to express
the asymptotic DM temperature, also known as velocity
dispersion, as Tχ = T
2/T∞dec.
8As a consequence, we may simply replace Tkd → T∞dec
in any expression that relates the kinetic decoupling tem-
perature to the cutoff in the power spectrum of matter
density fluctuations. In particular, we have [10]
Mcut = max [Mfs,Mao] , (42)
where free-streaming [11, 14] induces an exponential cut-
off characterized by
Mfs ≈ 2.9×10−6
1 + ln
(
g
1/4
eff T
∞
dec/50 MeV
)
/19.1( mχ
100 GeV
)1/2
g
1/4
eff
(
T∞dec
50 MeV
)1/2

3
M .
(43)
and acoustic oscillations [15, 16] a similar cutoff with
Mao ≈ 3.4× 10−6
(
T∞decg
1/4
eff
50 MeV
)−3
M . (44)
We note that the above prescription for calculating
Mcut can, strictly speaking, only be applied if f (i)
reaches its asymptotic behavior (given by y ' y|x→∞)
already well before the onset of matter domination and
(ii) has a velocity distribution at that time which resem-
bles that of the standard WIMP case – simply because
these are the assumptions that entered into the analysis
of Refs. [11, 14–16]. As we will see, it is possible to find
viable models where these assumptions are not satisfied;
in these cases, our prescription thus only gives an approx-
imative value for Mcut. While we do not pursue this issue
any further here, it would certainly make for an interest-
ing study to extend the standard analysis and investigate
how the spectrum of matter density fluctuations would
be affected in such cases.
IV. LEPTOPHILIC DM MODELS
In this Section, we demonstrate how to apply our gen-
eral discussion to a specific class of WIMP models that
exhibit large Sommerfeld effects. As already mentioned
in the introduction, the cosmic ray lepton excess [31] has
triggered a lot of phenomenological activity, trying to es-
tablish a possible DM connection. At first sight, this is
not a trivial task at all since standard WIMP candidates,
like the neutralino, fail to meet the necessary criteria
from a model-independent analysis of the data [41, 42] in
order to fit the observed excess, the annihilation of DM
particles would have to (i) produce a very hard positron
spectrum at least up to a few hundred GeV, but (ii) at
the same time produce almost no antiprotons, and iii)
happen with a rate about 2 to 3 orders of magnitude
above the canonical value of 3 · 10−26cm3s−1 which is
needed for thermal production in the simplest scenarios
(see, however, Ref. [43] for a way of how neutralino DM
could at least satisfy the two first requirements).
An elegant, or at least very economical, way to meet
all these requirements is to postulate the existence of
a new light exchange boson φ, with 100 MeV . mφ .
1 GeV, that directly couples to a DM particle with mχ ∼
O(1 TeV) but only very weakly to standard model par-
ticles (in order to avoid the stringent bounds on light
new particles). The DM annihilation rate today would
then be strongly enhanced by the Sommerfeld effect,
without changing too much the annihilation rate dur-
ing freeze-out; furthermore, the decay of the resulting φ
particles into hadronic modes is kinematically forbidden,
thus leaving only the desired light leptonic modes (see
Ref. [25] for a general account of this idea).
Many realizations and variations of this rather general
setup have been worked out in, e.g., Refs. [26–29]. Noting
that an astrophysical explanation of the above-mentioned
cosmic ray excess may well be more likely [44], we will
here only consider a very simple phenomenological toy-
model for leptophilic WIMP DM – loosely motivated by
the cosmic ray lepton data but mostly chosen for illus-
tration of the possible effects of the Sommerfeld enhance-
ment on the thermal decoupling process.
A. A simple toy-model
We consider a fermionic DM particle χ that couples
only to a light scalar φs and a pseudoscalar φp via
L ⊃ gsχφsχ¯χ+ gpχφpχ¯γ5χ . (45)
We assume that the (pseudo-)scalar particles also inter-
act with standard model leptons, through
L ⊃ gs`φs ¯`` + gp`φp ¯`γ5` , (46)
albeit with much smaller coupling strengths (i.e. gs` and
gs` can be thought of as effective couplings arising, e.g.,
from higher-dimension operators).
For simplicity, we will assume gs,pe = g
s,p
µ = g
s,p
τ . Possi-
ble couplings to quarks typically do not change the phe-
nomenology of our model (for the mass ranges consid-
ered here) and are anyway strongly constrained – see
Appendix B for experimental bounds on this and sim-
ilar models; including nonzero neutrino couplings would
not have a large impact on the results either, since the
DM scattering off neutrinos is negligible due to the small
neutrino masses mν , see also Eq. (C4). The scalar par-
ticle mediates DM scattering at low-momentum trans-
fer and is also responsible for the Sommerfeld enhance-
ment. The need for an additional pseudoscalar par-
ticle arises because of parity conservation: While the
annihilation χχ → φsφp has an s-wave contribution,
χχ → φsφs(φpφp) is a p-wave process which vanishes
in the v → 0 limit, so it is only the former channel that
can happen with a sizable rate today (which, in turn, is
required if we want to make any contact to observable
cosmic ray lepton fluxes at all). Even the relic density
is to a large extent determined through this channel and
thus mainly depends on the parameter
α ≡ g
s
χg
p
χ
4pi
. (47)
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FIG. 2: Shown are two approximations (dotted, dashed)
to the numerically calculated, full Sommerfeld enhancement
(solid), for mχ = 1 TeV, mφ = 5 GeV and α = 0.03. See text
for further details.
Since we want to keep the discussion simple, we will
mostly assume gsχ = g
p
χ in the following, noting that
the relic density is essentially only set by one effective
coupling constant anyway.
We note that our setup roughly corresponds to a sim-
ple version of the model proposed by Nomura and Thaler
[28], where the new particles postulated above (χ, φs, φp)
are embedded in a full supersymmetric scenario and φp,
in particular, takes the role of an almost “standard”
Peccei-Quinn axion. In Appendix C, we collect the rel-
evant annihilation cross-sections and scattering matrix
elements for this model.
B. Decoupling on- and off-resonance
For this model, let us first study in some detail the
evolution of the WIMP number density and tempera-
ture for two cases of particular interest, i.e. parameter
sets for which we are outside and exactly on a reso-
nance, respectively. We will be especially interested in
quantifying the difference between our full treatment,
described in Secs. II and III, and various approxima-
tions one may deem reasonable. In particular, we will
refer to the full solution as the coupled set of Eqs. (11,
17), with the proper replacement of T → Tχ in the ex-
pressions for 〈σvrel〉(2); for Y  Yeq, this simply corre-
sponds to Eqs. (28, 29). We denote with sudden decou-
pling the case in which we assume Tχ(T > Tkd) = T and
Tχ(T ≤ Tkd) = T 2/Tkd in Eq. (11) and neglect the term
proportional to Y ′ in Eq. (17). The uncoupled solution,
finally, corresponds to the case where kinetic decoupling
is assumed to have no influence on the evolution of the
WIMP number density, and vice versa.
In addition to the full numerical solution for the Som-
merfeld factor, we also considered two different approx-
imations as illustrated in Fig. 2. For approximation
1 (shown as a dotted line) we assumed S = 1 for
v > piα, S = piα/v in the intermediate regime and
S(v ≤ vmax) ≡ Smax (defined by the full solution). As a
better approximation, especially at larger velocities, we
used the Coulomb approximation S = piαv /(1 − e−
piα
v )
down to vmax, and S = Smax for smaller velocities. This
approximation 2 is shown as a dashed line. For the case
of resonances, we adjusted these approximations corre-
spondingly: in approximation 1 we used S ∝ v−2 instead
of S ∝ v−1, and in approximation 2 we used the Coulomb
expression down to velocities where the enhancement fol-
lows the v−2 behavior.
In Fig. 3, the solutions for y and Y are shown for one
particular parameter set for which the Sommerfeld en-
hancement is not in the neighborhood of a resonance.
As expected, the relic density is lower (by 10%) for the
coupled solution than for the uncoupled solution; com-
pared to the case without Sommerfeld enhancement, it
is smaller by 80 %. Also visible is that approximation
2 reproduces the full numerical result much better than
approximation 1, for which the relic density is overesti-
mated. Assuming that kinetic decoupling happens sud-
denly, like depicted in the right-hand panel of Fig. 3
(shown in red), gives a reasonable approximation to the
full evolution of y – though we find that for very small
lepton couplings, and negligible φ-scattering, the kinetic
decoupling process may be more delayed than for stan-
dard WIMPs [9, 10]: since more scattering events are
necessary to keep the DM in thermal equilibrium in this
case, it also takes longer before scattering becomes suffi-
ciently inefficient so that y remains completely constant.
Therefore, sudden decoupling works very well as an ap-
proximation to Y (the lines are completely obscured by
the full solution in Fig. 3, right). For this set of param-
eters, kinetic decoupling happens at xkd ∼ 2.92 × 103,
after which the coupled solutions start to deviate from
the uncoupled solutions. The annihilations cease around
x ∼ 3× 105 because of the saturation of the Sommerfeld
factor, and both y and Y stay constant afterwards.
The more interesting case is to consider a parameter
set for which we are on a resonance in the annihilation
cross section. The results, shown in Fig. 4, show a strik-
ing difference with respect to the uncoupled Boltzmann
equations for x & 107, after which the WIMP annihila-
tions decrease the relic density by more than two orders of
magnitude until the Sommerfeld enhancement saturates
at x ' 2 × 1013. Following the argument presented in
Sec. III A, one might have expected an even more efficient
decrease in the relic density that starts directly after ki-
netic decoupling (which for this choice of parameters hap-
pens at xkd ' 2.35×104). This is not observed, however,
because at early times the velocities of the WIMPs are
still large enough to be in the Coulomb regime and, even
though we are on a resonance, the Sommerfeld enhance-
ment follows an S ∝ 1/v rather than S ∝ 1/v2 behavior
(see Appendix A). Indeed, for 3× 105 < x . 3× 106 we
find that Eq. (30) is satisfied with −2 < n˜ ≤ −1, whereas
the Sommerfeld enhancement shows the resonant behav-
10
102 104 106 108 1010
10-13
10-12
5 ´ 10-12
x
Y
Coupled
Uncoupled
Uncoupled, no S.e.
Off resonance
102 104 106 108 1010
300
350
400
x
y
Coupled
SuddenDecoupling
Uncoupled Off resonance
FIG. 3: For a parameter set where the Sommerfeld enhancement is not near a resonance (mχ = 1 TeV, mφ = 5 GeV, α = 0.03,
and g` = 10
−7), we show the evolution of the quantities Y as defined in Eq. (10), and y as defined in Eq. (16). We show
the solution to the full set of coupled Boltzmann equations (black) as well as for two approximations described in more detail
in the text, assuming sudden kinetic decoupling (red; not visible in left-hand plot) and no coupling between the Boltzmann
equations for y and Y (blue), respectively. Different approximations to the Sommerfeld enhancement are shown according to
Fig. 2 by dotted, dashed, or solid lines. Additionally, the solution without Sommerfeld enhancement is shown in the left-hand
panel (green, dash-dotted).
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FIG. 4: Same as Fig. 3, but now for a parameter set where the Sommerfeld enhancement is resonant (mχ = 1 TeV, mφ = 1
GeV, α = 0.00168 and g` = 4.6 × 10−5). It can be seen that annihilations continue even until after matter-radiation equality
(denoted as a dash-dotted line).
ior (n˜ = −2) for larger values of x.
The value for the coupling α is here chosen such that
the full solution gives the right relic density today (within
3σ): the uncoupled solution (both with and without
including the full Sommerfeld factor) actually overesti-
mates Y0 by a factor of ∼ 400. Sudden decoupling be-
comes a very bad approximation to y in the case of res-
onances, at least for x & 107 where it simply follows the
uncoupled solution. However, it catches the overall be-
havior of a large decrease in Y rather well – though it
underestimates the final relic density by at least a factor
of 2. The different approximations to the Sommerfeld en-
hancement, on the other hand, give comparable results.
C. Range of decoupling temperatures and the mass
of the smallest protohalos
Having discussed in some detail the situation for two
particular parameter sets, let us now explore the ther-
mal history of DM, and, in particular, the consequences
of our improved treatment, for the full possible range of
our model parameters. For this purpose, we adjusted
the coupling α in all calculations in such a way that the
relic density obtained by solving the full, coupled Boltz-
mann equations is within 3σ of the observed value today,
0.184 ≤ ΩDM ≤ 0.274, leaving thus the lepton coupling
g` as the only other free parameter besides mχ and mφ.
Let us start by showing in Fig. 5 the kinetic decoupling
temperature Tkd as a function of the coupling constant g`.
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FIG. 5: For models where the Sommerfeld enhancement is not
on a resonance, the kinetic decoupling temperature is shown
as a function of the mediator particle coupling to leptons, for
mφ = 100 MeV (black, full), 500 MeV (blue, dashed), 1 GeV
(red, dotted), and 5 GeV (green, dash-dotted). From bottom
to top, the lines correspond in each case to a DM mass of
mχ = 100, 500, 1000, 5000 GeV.
As can be seen, Tkd decreases for larger g` – reflecting the
fact that a strong lepton coupling will keep the WIMPs
longer in local thermal equilibrium. For decoupling tem-
peratures smaller than around 7 MeV, only DM scatter-
ing with electrons is effective just before the DM particles
completely leave thermal equilibrium. At higher temper-
atures, also muons start to contribute very efficiently to
the scattering process, resulting in a flattening of Tkd(g`)
when moving to smaller values of g`; this already hap-
pens for highly nonrelativistic muons because of the m2`
dependence of the scattering rate, see Eq. (C4). Scatter-
ing with mediator particles ensures that the kinetic de-
coupling temperature does not increase arbitrarily high
even for negligible lepton couplings, which explains the
plateau that appears at roughly g` . 10−5. The de-
coupling temperature Tkd increases rather strongly with
higher mediator masses mφ: in the case of lepton scat-
tering this directly follows from the form of the scatter-
ing matrix element, Eq. (C4), while in the case of scat-
tering with the mediator particles it reflects the strong
Boltzmann suppression of the latter. The dependence of
the decoupling temperature on the DM mass mχ, on the
other hand, is very weak. Also the spread in Tkd (for
given values of mφ,mχ, and g`) due to the different val-
ues of the relic density that were obtained by changing
the coupling α accordingly is essentially negligible.
In Fig. 5 we have chosen to only show models with pa-
rameter sets where the Sommerfeld enhancement is not
resonant both because this is in some sense the generic
behavior of the model and because the parameter depen-
dence is very straightforward to discuss in that case. Phe-
nomenologically, on the other hand, the resonant case is
also very interesting, not the least because much stronger
effects compared to the standard scenario can be ex-
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FIG. 6: For models where the Sommerfeld enhancement is
resonant, the kinetic decoupling temperature Tkd (filled) in
comparison to the effective asymptotic decoupling tempera-
ture T∞dec(empty) is shown. Again mφ = 100 MeV (black,
squares), 500 MeV (blue, circles), and 5 GeV (green, trian-
gles).
pected. We therefore performed a dedicated scan to sam-
ple that part of the parameter space that results in a reso-
nant Sommerfeld enhancement and the correct relic den-
sity (in practice, we only sampled the first 5 resonances;
higher resonances are more and more densely distributed,
increasing thus the amount of parameter fine-tuning that
is necessary to meet the just mentioned criteria). As
shown in Fig. 6, the resulting kinetic decoupling temper-
ature is a bit higher than in the offresonance case. This is
due to the fact that the relic density constraint makes a
smaller coupling α necessary to compensate for the large
Sommerfeld effect, which in turn decreases the amount
of DM scattering off φs so that WIMPs decouple slightly
earlier than in the off resonance case. The asymptotic
decoupling temperature T∞dec, on the other hand, is up to
a factor of ∼ 5 smaller than Tkd and always smaller than
in the off-resonant case (note that off-resonance T∞dec and
Tkd differ, as expected, by only 3 % at most).
From the asymptotic decoupling temperature, we also
calculated the corresponding mass of the smallest grav-
itationally bound objects; the off-resonance results are
shown in Fig. 7. It can be seen that the possible cut-
off mass spans a wide range of Mcut/M ∼ O(10−10
– 103). Even when taking into account existing con-
straints on the lepton coupling, see Appendix B, much
larger cutoff masses than in the standard WIMP case
thus seem possible; imposing g` < 10
−3, e.g. results in
Mcut . M (whereas Mcut . 10−3M for neutralino
DM [10]). Compared to Tkd and T
∞
dec, Mcut can have a
stronger dependence on mχ, visible by the spread of the
bands for g` . 10−4. This is due to the fact that in this
region of parameter space the free-streaming mass Mfs
(that depends, among other things, on mχ), dominates
over the acoustic oscillation cutoff mass Mao. In the reso-
nant case, the resulting Mcut is in general higher; naively
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FIG. 7: For models where the Sommerfeld enhancement is
not on a resonance, the cutoff mass is shown as a function
of the lepton coupling, for mφ = 100 MeV (black, full), 500
MeV (blue, dashed), 1 GeV (red, dotted), and 5 GeV (green,
dash-dotted). From top to bottom, the lines correspond in
each case to a DM mass of mχ = 100, 500, 1000, 5000 GeV.
On-resonance, the value of Mcut can be larger by a factor of
up to 2 (20) for very large (small) values of g`.
using Tkd instead of T
∞
dec to calculate it would result in
values up to 2 orders of magnitude smaller. As expected
from Fig. 6, the effect of resonances is most pronounced
for small values of Mcut, corresponding to large values
of Tkd; as a result, the lowest possible cutoff mass shifts
from ∼ 3×10−10M to ∼ 7×10−9M, while the largest
possible value shifts from ∼ 600M to ∼ 1100M.
Let us now discuss the evolution of the WIMP number
density and the resulting relic density. Annihilations off-
resonance finally come to an end for temperatures rang-
ing from Tsat ∼ 100 MeV to ∼ 1 keV, where Tsat was de-
fined by Y (Tsat)/Y0 ≡ 0.99. Whereas the maximum satu-
ration temperature is more or less independent of mφ, the
minimum Tsat is significantly smaller for small mediator
masses. This comes from the fact that the Sommerfeld
enhancement increases for smaller values of mφ/(mχα),
so the new era of annihilations after kinetic decoupling
can last longer for smaller mφ; furthermore, kinetic de-
coupling happens later in this case. We also find that,
as expected, Tsat decreases with decreasing g`, i.e. with
increasing Tkd. Finally, we observe that for many models
with large lepton couplings we have Tsat > Tkd, indicat-
ing that the effect of reentering an era of annihilations is
negligible, whereas for small g` we find that Tkd/Tsat can
reach values up to O(104).
For nonresonant Sommerfeld enhancement, the result-
ing effect of the new era of annihilations on Y is sig-
nificant but never extremely large: the ratio of the
relic density obtained by the uncoupled Boltzmann equa-
tions with that obtained by the full solution is at most
Ωχ,u/Ωχ,c . 1.1 for the range of parameters that we have
scanned. This ratio tends to be slightly larger for higher
WIMP masses, reflecting the fact that a larger Sommer-
Off-resonance On-resonance
xcd ∼ 24 – 27 ∼ 20 – 25
Tkd[MeV] ∼ 0.07 – 400 ∼ 0.09 – 450
T∞dec [MeV] ∼ 0.07 – 400 ∼ 0.06 – 170
Tsat [keV] ∼ 1 – 105 ∼ 10−6 – 10−2
Ωχ,u/Ωχ,c ∼ 1 – 1.1 ∼ 3.5 – 670
Mcut[M] ∼ 3× 10−10 – 600 ∼ 7× 10−9 – 1100
TABLE II: Overview of the various decoupling temperatures
in our toy-model, for the parameter range that we considered
here. Also stated is the resulting change in the relic density
when fully taking into account the coupled Boltzmann equa-
tions [Eqs. (11, 17)] rather than ignoring the possible impact
of kinetic decoupling; finally, we summarize the possible range
of cutoff masses (see also text and Fig. 7).
feld effect due to an increased value of α is expected in
that case (recall that the relic density is set by the an-
nihilation rate which scales, roughly, as 〈σv〉 ∝ α2/m2χ).
We also find that, as expected, Ωχ,u/Ωχ,c grows with in-
creasing Tkd: the new era of annihilations simply lasts
longer when kinetic decoupling takes place early.
In the resonant case, the change in Y by considering
the coupled Boltzmann equations rather than the un-
coupled equation is much more significant, yielding a
relic density that can be up to a factor of ∼670 smaller.
In most cases annihilations even continue after matter-
radiation-equality, further decreasing the relic density in
some extreme cases by up to a factor of 4 before reach-
ing its final value: Ωχ(Teq) . 4 Ωχ(T0). The relic den-
sity correspondingly saturates at very low temperatures,
O(10) eV & Tsat & O(10−3) eV. Since the annihilations
are more efficiently suppressed after the onset of matter
domination, the relic density could probably not continue
to decrease a lot more, also because of the already men-
tioned increase in the WIMP velocity once gravitational
potentials build up and cosmological structure formation
starts. The effect we see here due to resonances is there-
fore (close to) the maximum effect on the relic density
that can be expected, and increasing the Sommerfeld en-
hancement (e.g. by an even denser sampling of the model
parameters near the resonances) are unlikely to have a
large impact.
For convenience, we summarize in Table II the above
discussion by showing the range of possible decoupling
temperatures that we have encountered in our scan of
model parameters, along with the resulting change in the
relic density and possible values for the mass of the small-
est protohalos.
V. DISCUSSION
In this Section, we return to some technical issues that
we have not addressed explicitly in Sec. IV, indicate
possible extensions to our analysis and discuss possible
consequences of our findings.
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One such comment concerns the scattering of DM with
mediator particles which we have tacitly assumed to be
in thermal equlibrium in the above analysis: we actually
checked that this is always satisfied for T & Tkd because
of the very efficient (inverse) decay processes φ ↔ `+`−
(for more details, see Appendix C). If one would neglect
χφ ↔ χφ scatterings, and only take into account DM
scattering with standard model leptons, the kinetic de-
coupling temperature would continue to increase with-
out any bounds for smaller values of gφ` . As an interest-
ing consequence, it is thus only due to the presence of a
thermal population of φ particles that a situation with
Tkd > Tcd cannot occur (note also that the thermal pro-
duction mechanism for χ actually requires the exchange
particles to be in thermal equilibrium around Tcd; this
implies a lower bound on gφ` such that one essentially
cannot get around this argument even for a much wider
class of DM models than considered here).
Let us also mention that in Sec. IV, for simplicity, we
only took into account DM scattering with scalar par-
ticles. Including also the scattering with pseudoscalars
affects only the kinetic decoupling temperature directly:
other observables, such as the relic density, change indi-
rectly because of the coupling between Y and y. In this
case, we find that Tkd for g` . 10−4 becomes as expected
a bit lower (at most ∼ 20% for gs` = gp` and ms = mp),
with a correspondingly smaller impact on, e.g., the relic
density.
Furthermore, we have in our discussion always as-
sumed that the DM particles couple with the same
strength to both scalars and pseudoscalars, i.e. gsχ = g
p
χ.
In principle, however, the coupling strength α, cf. Equa-
tion (47), that roughly sets the relic density is not the
same as the coupling strength αs ≡ gsχ2/4pi that gov-
erns the Sommerfeld enhancement. Allowing for gsχ 6= gpχ
would thus imply a larger range of possible αs that is
consistent with the relic density requirement. While we
choose not to explore the full phenomenology of this
option here, we note that the implications for the off-
resonance case are not expected to be sizable because a
relatively large value of α severely restricts the range of
αs (neither gsχ nor g
p
χ must be too large in order to re-
main in the perturbative regime); if gsχ and g
p
χ are varied
independently, on the other hand, less fine-tuning is in
some sense required to arrange for a resonant Sommer-
feld enhancement. In order to make the first remark a bit
more quantitative, let us consider the situation of keep-
ing α fixed, but choosing gsχ = 2g
p
χ (g
p
χ = 2g
s
χ): for the
same range as considered before for all other parameters,
the relic density decreases in this case by at most ∼11%
(∼2 %) and the kinetic decoupling temperature increases
(decreases) by up to ∼4% (∼12%).
Allowing for a non-negligible coupling of the exchange
particles to quarks, gsq 6= 0, would introduce the pos-
sibility of further DM scattering processes χq ↔ χq
at high temperatures. However, since kinetic decou-
pling usually happens after the SU(3) phase transition
at TQCD ∼ 170 MeV [45], there are no free quarks around
anymore and this does not affect our determination of Tkd
– unless one adopts rather large values for mφ & 5 GeV
(if kinetic decouplings happens at T . TQCD, the cal-
culation of Tkd is also affected by the dependence of the
effective number of relativistic degrees of freedom during
the transition; in our calculations, we used the values
provided in Ref. [46]).
We caution again that our results should be inter-
preted with care in some special regions of the param-
eter space where, due to the Ramsauer-Townsend effect,
the assumption of a Maxwellian velocity distribution af-
ter kinetic decoupling may not be a good approximation
anymore (see the discussion at the end of Sec. III B). The
same goes for the calculation of Mcut in those strongly
resonant cases where the asymptotic (“free”) behavior of
the WIMP phase-space distribution is only reached af-
ter matter-radiation equality; c.f. the disclaimer at the
end of Sec. III D. The fact that we find viable models
where this indeed happens provides a strong motivation
for future analyses to actually establish an exact relation
between decoupling temperature and cutoff mass even
during and slightly before matter domination – corre-
sponding to Eqs. (43,44) which, strictly speaking, only
hold approximately in this case.
Let us finally briefly discuss possible ways to directly
probe the cutoff mass – which would provide a fascinat-
ing new window into the particle nature of DM. While
gamma rays (mostly via χ¯χ → `+`−γ) from individual
subhalos close to Mcut are unlikely to be resolved [47],
the one-point probability function of the diffuse gamma-
ray flux [48] could provide a better future probe; for very
large cutoff masses, Mcut  M, also other anisotropy
probes could be sensitive enough [49]. The last comment
also holds for probing the smallest halos with gravita-
tional lensing, especially for future astrometric microlens-
ing missions with unprecedented sensitivities [50]; in fact,
it has been argued that even sub-solar objects could cre-
ate observable strong gravitational lensing events, espe-
cially when making use of multiple images of time-varying
sources [51] (though this will be especially challenging in
the case we are interested in here because the Einstein
radius of DM subhalos is much smaller than their virial
radius). For a review on detectional prospects for sub-
solar mass DM subhalos, see also Ref. [52].
Perhaps the most interesting indirect probe of the cut-
off scale, on the other hand, currently comes from the ob-
servation that galaxy clusters maximize the enhancement
of a generic DM annihilation signal due to the presence of
substructure [32, 33]. Assuming that one can extrapolate
the results of numerical N -body simulations of gravita-
tional clustering from the current resolution limit down
to the much smaller cutoff values in the power spectrum
that we are interested in here, it was shown in these refer-
ences that small values of Mcut are strongly constrained
by gamma-ray observations of galaxy clusters in models
where the DM annihilation is Sommerfeld-enhanced; in
the case of leptophilic models, the main source of gamma
rays would be inverse Compton scattering of the high-
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energy leptons from χ¯χ→ `+`− off cosmic microwave or
starlight photons. For a very specific model, with param-
eters chosen such as to result in a positron spectrum that
could account for the cosmic ray excess (mχ = 1.6 TeV
and φ → µ±, e±, pi± with a ratio of 14 : 14 : 12 ), the
authors could show that for Mcut = 10
−6M (104M)
the maximally allowed Sommerfeld enhancement would
be S ∼ 5 (800).4 Here, S = S(v ' 124km/s) and it was
assumed that the annihilation cross section with Som-
merfeld enhancement is given by σv = 3 · 10−26cm3/s.
While a detailed analysis that extends the above re-
sults to more general models with Sommerfeld enhance-
ments is certainly warranted, it is beyond the scope of
this work. Here, we simply point out that we have pre-
sented a way to accurately calculate the cutoff mass in
any given such model; limits on Mcut can thus directly be
translated into limits on the model parameters (which de-
termine the size of S). What is most interesting in this re-
spect is that these limits will be strongest for small values
of the lepton coupling gφ` because this leads to smaller val-
ues for Mcut – which means that gamma-ray constraints
from galaxy clusters probe the parameter space of lep-
tophilic models from a completely different direction than
other experiments (see Appendix B for a comparison).
Before passing to our conclusions let us finally men-
tion yet another indirect probe of the small-scale cutoff
that has recently been suggested and may indeed turn
out to be very promising: for both Kaluza-Klein and
neutralino DM, it was found in [59] that the value of
Mcut strongly correlates with the spin-dependent scatter-
ing rate of DM with nuclei, which is relevant both for di-
rect detection experiments and for indirect DM searches
looking for neutrinos from the sun. A corresponding sig-
nal would thus considerably narrow down the possible
range of Mcut in these cases and it would be very inter-
esting to see whether the same holds in models with large
Sommerfeld enhancements.
VI. SUMMARY AND CONCLUSIONS
As already extensively discussed in the literature, the
impact of Sommerfeld-enhanced annihilation rates on the
DM relic density can be sizable both before [53–58] and
after [17–19] kinetic decoupling. In this article, we have
introduced a general framework that, for the first time,
allows to consistently describe situations where DM an-
4 This would lead to the conclusion that this or very similar lep-
tophilic models cannot account for the cosmic ray lepton ex-
cess without violating the gamma-ray constraints from clusters
if Mcut ≤ 104M [33]. While it is certainly not the prime pur-
pose of our article to make such a connection, let us just point
out that we could accommodate larger values of Mcut even in
our simple toy-model by choosing ms  100 MeV; a possibly de-
sired decay into µ± and pi± could in that case exclusively happen
through the (correspondingly heavier) pseudoscalar φp.
nihilation continues after chemical decoupling and in-
terferes with kinetic decoupling, improving thus on the
general praxis of using the kinetic decoupling tempera-
ture as an essentially free parameter. The coupled set of
Eqs. (28, 29) that describes the evolution of the WIMP
number density and temperature thus provides one of
the central results of this article. As a consequence of
our discussion, we have also refined the usual definition
of kinetic decoupling in order to discriminate it more
clearly from the point where WIMP (self-)interactions
finally come to an end, which may happen much later.
Applying our formalism to a simple leptophilic toy-
model, we find that the impact of a new era of DM
annihilation (i.e. after kinetic decoupling) on the relic
density can be significant. Off -resonance, this effect
is at most ∼ 10% (at least in our model) and thus
smaller than claimed in, e.g., Ref. [17]. On-resonance,
on the other hand, we have demonstrated that DM an-
nihilation can continue until well after matter-radiation-
equality, depleting the DM abundance by more than two
orders of magnitude after kinetic decoupling. This is a
rather new result which completely changes the naive
picture of associating the relic density of thermally pro-
duced DM to processes restricted to temperatures around
Tcd ∼ mχ/25, i.e. the very early universe.
Concerning the cutoff in the power spectrum of matter
density fluctuations, we find that the resulting smallest
DM protohalos form with masses in the range of roughly
Mcut ∼ O(10−10M) − O(10M), depending on which
experimental limits (see Appendix B) and which model
parameters one chooses to adopt. As it turns out, the
correctly determined cutoff mass can be almost two or-
ders of magnitude larger than in the case where the im-
pact of DM annihilation after kinetic decoupling on the
evolution of the DM phase-space distribution is not taken
into account. In general, much smaller kinetic decoupling
temperatures, and thus larger cutoff masses, are possible
than for typical WIMPs like neutralino or Kaluza-Klein
DM [10, 60], which may eventually even help to distin-
guish between these types of DM models (note that even
Mcut  10M is possible for exchange particles lighter
than 100 MeV). Existing limits from gamma-ray obser-
vations of galaxy clusters [33] may already now be used
to rule out the smallest values for the cutoff mass; since
early kinetic decoupling happens for small lepton cou-
plings, this places limits on the parameter space that is
complementary to bounds from g − 2 measurements or
beam dump experiments.
While we have chosen a specific, and rather simple,
leptophilic toy-model for illustration, let us stress once
again that our formalism can be used for any model
with annihilation rates that are enhanced at small ve-
locities – including more realistic models motivated by
the cosmic ray anomalies (see e.g. Ref. [61] for a recent
discussion), more classical WIMPs like heavy neutralino
DM [53, 57, 58] or models where the annihilation rate
is enhanced through the formation of bound states [62]
or an s-channel resonance [63]. In fact, in order to ob-
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tain reliable estimates for both the relic density and the
small-scale cutoff of matter density perturbations in these
cases, we have demonstrated here that it is mandatory to
use a framework that consistently takes into account the
intertwined nature of WIMP annihilation into, and scat-
tering with, heat-bath particles in the early universe.
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Appendix A: Sommerfeld enhancement
The Sommerfeld effect [20] arises when nonrelativistic
DM particles interact via the exchange of force carriers
φ that are much lighter than the DM particles them-
selves, mφ  mχ. Multiple φ-exchanges then result in
nonperturbative corrections that can enhance both the
DM annihilation (see, e.g., [21–30]) and self-scattering
[19, 37, 38] cross-section significantly. An effective re-
summation over all corresponding ladder diagrams is per-
formed by solving the Scho¨dinger equation for the two-
body system,
− 1
2µ
∇2ψk =
(
k2
2µ
− V (r)
)
ψk , (A1)
where ψk is the full two-body wave-function, k = mχv
is the momentum of each particle in the center-of-mass
frame, µ = mχ/2 is the reduced mass of the system and
the potential V (r) depends on the relative distance be-
tween the two particles r.
1. Annihilation
Because the potential typically has a much longer
range than the very short relative distance r at which the
annihilation takes place, these two effects do not inter-
fere: the only relevant effect of the potential is to change
the free wave-function at r = 0. The full annihilation rate
is thus simply obtained by multiplying the unperturbed
rate with the enhancement factor
S(v) = |ψk(0)|2 , (A2)
where ψk is the solution to Eq. (A1) and normalized as
ψ → expikz +f(θ)exp
ikr
r
for r →∞ . (A3)
For a massless force carrier the potential is Coulomb-
like, V (r) = −α/r, and the Schro¨dinger equation can be
solved analytically to give
S(v) =
pi/v
1− e−pi/v , (A4)
where v ≡ v/α. For small velocities, v  1, the Som-
merfeld enhancement thus is given by S ' pi/v, while
there will be no enhancement for large velocities, i.e.
S ≈ 1 for v  1.
When the mediator has a nonzero mass mφ, the
potential becomes Yukawa-like, V (r) = −(α/r)e−mφr,
and Eq. (A1) can only be solved numerically (see, e.g.,
Ref. [64] for a pedagogic treatment). Since V (r) is ro-
tationally symmetric, we can expand ψk into products
of Legendre polynomials and radial functions Rkl. The
only Rkl that is nonzero at r = 0 has angular momen-
tum l = 0, and therefore we substitute Rk0 ≡ ξ/r. ξ then
obeys the radial Schro¨dinger equation
1
mχ
d2ξ
dr2
=
(
−α
r
e−mφr −mχv2
)
ξ (A5)
with the following boundary conditions:
ξ(0) = 0 , (A6)
dξ
dr
= imχv ξ for r →∞ . (A7)
Expanding the Yukawa potential in powers of mφr,
V ∼ −α/r + αmφ +O(r2), one recovers the Schro¨dinger
equation with a Coulomb potential for Eq. (A5) when
αmφ  mχv2. Therefore one can safely use Eq. (A4) as
a good approximation to S for a massive mediator in the
range 2v  φ ≡ mφ/(αmχ).
For smaller velocities, the Coulomb approximation is
no longer valid, i.e. the exchange particle can no longer
be treated as effectively massless. In this case, the fi-
nite range of the Yukawa potential induces resonances
in S that correspond to quasibound states of the pair of
the incoming DM particles. We can get some more in-
sight in the behavior of these resonances by considering
the Hulthe´n potential instead, which can be tuned to ap-
proximate the Yukawa potential very well and has the
advantage to be analytically solvable [65]. In this case,
the resonances appear at specific values of φ ' 6(pin)−2,
where n is a positive integer, and the Sommerfeld en-
hancement at a resonance is given by S ' (pi2/6)φ/2v
[19, 66]. In reality, the Sommerfeld factor is limited by
the finite lifetime of the bound state and therefore should
not diverge as v → 0; rather, it is expected to saturate
for [19, 23]
v . cut,onv ≡ α3φ . (A8)
In our treatment, we therefore always use S(v <
cut,onv ) = S(
cut,on
v ).
Finally, we note that off the resonances, the full nu-
merical solution to S saturates much earlier and stays
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constant for [30]
v . cut,offv ≡ 0.5 φ . (A9)
This simply reflects the fact that the total effective energy
seen by a Coulomb-like potential, Eeff ∼ αmφ + mχv2
from the expansion of the Yukawa potential, essentially
no longer depends on the velocity in this regime.
2. Self-scattering
In the case of DM self-scattering, the repeated ex-
change of a gauge boson does not only affect the initial,
but also the final-state wave-function; a separation be-
tween short- and long-distance scales is thus no longer
possible and, in principle, all angular momentum con-
tributions need to be taken into account. The radial
Schro¨dinger equation describing self-scattering is thus the
same as in the case of annihilation, Eq. (A5), but with
an additional centrifugal term l(l+ 1)/(mχr
2) in the po-
tential. Its numerical solution can be found by imposing
appropriate boundary conditions, i.e. demanding that ξl
is regular at the origin and
ξl → sin(mχvr − pil
2
+ δl) for r →∞ . (A10)
From the phaseshift δl, one can then calculate the partial
scattering cross-section as
σl =
4pi
m2χv
2
(2l + 1) sin2 δl . (A11)
For our purposes, we are mostly interested in the trans-
fer cross section
σT ≡
∫
dΩ (1− cos θ)dσχχ
dΩ
(A12)
=
4pi
m2χv
2
∞∑
l=0
[
(2l + 1) sin2 δl (A13)
−2(l + 1) sin δl sin δl+1 cos (δl+1 − δl)] ,
which is a weighted integral over the differential scatter-
ing cross section. Estimating the maximum angular mo-
mentum L that gives an important contribution to the
sum, the authors of Ref. [37] approximated the above full
expression for σT by assuming the phaseshift to be max-
imal for l ≤ L, and minimal for l > L, i.e. sin2 δl = 1
and 0 respectively. With this simplification, Eq. (A13)
becomes
σmin =
4pi
m2χv
2
(1 + L) , (A14)
which is in good agreement with the full numerical cal-
culation [37]5 as long as φ . v  1; note that this
5 In [19, 38] the DM self-scattering rate was calculated in a dif-
condition is not satisfied in the Born regime (defined by
large velocities, v  1, or small couplings, φ  1/2).
For the models we consider in this work, we are par-
ticularly interested in very small velocities (v  φ). In
this case the cross section actually becomes velocity in-
dependent and the above approximation fails (unless we
are near a resonance, see below): when kR  1 is satis-
fied (R = m−1φ being the effective range of the Yukawa
potential), the phaseshift is given by
δl ∝ k2l+1 . (A15)
All phaseshifts with l 6= 0 are thus negligible compared
to δ0 and we have σT ' σl=0. The velocity independent
effective potential cross section is given by [69]
σpot ≡ σl=0(kR 1) = 4pia2 , (A16)
where we used sin2 δl ' δ2l ≡ a2k2, and a is a constant
called the scattering length.
As in the case of WIMP annihilation, resonances can
occur for low-velocity scattering. Since the Schro¨dinger
equation for l = 0 scattering is the same as for annihila-
tion, the resonances will occur at the same values of φ.
Assuming these quasi-bound states appear at an energy
E0 and have a width Γ, we are in the neighborhood of a
resonance for |E − E0|  Γ, with E = mχv2 the kinetic
energy of the system. In this region, the approximation
δ0 ' ak as given by Eq. (A15) and Eq. (A16) receives a
considerable contribution from the resonance:
δres0 = δ0 + arctan
(
Γ
E0 − E
)
. (A17)
The full transfer cross section is thus given by
σT ' σ = σpot + σres , (A18)
where the resonance scattering cross section [69]
σres =
4pi
k2
Γ2 − 2akΓ(E − E0)
(E − E0)2 + Γ2 (A19)
is no longer negligible compared to σpot, and should be
taken into account. In fact, Eq. (A19) scales like 1/k2
and we can safely neglect σpot near a resonance. Exactly
on-resonance, we have
σT ' σres(E = E0) = 4pi
m2χv
2
, (A20)
which is the same as Eq. (A14) with L = 0.
Far away from a resonance we cannot use Eq. (A14)
for σT in the full velocity regime, since σ
pot becomes
ferent way, using known expressions for σT to estimate the ion
drag force in plasmas [67, 68]. The results of [19, 38] agree with
[37] in the velocity regime that was of interest in these papers.
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velocity independent as v → 0. In our analysis, we there-
fore use Eq. (A14) down to the velocity at which σT
reaches the value of the asymptotic numerical solution
for σl=0(v → 0), beyond which we keep σT constant as in
Eq. (A16). Note that around the transition point, at in-
termediate velocities, the full numerical solution actually
results in σT being significantly larger than σl=0(v → 0)
– both because of the behavior of σl=0 and because of
contributions from l > 0; our approach is thus rather
conservative in that it uses a lower limit on σT .
For completeness, we note that σ can actually also ex-
hibit “anti-resonances” for some values of v, and even
(almost) completely vanish for very small velocities.
This so-called Ramsauer-Townsend effect [39] can be ex-
plained by a destructive interference between the poten-
tial and resonance scattering amplitude, cf. Eq. (A18);
indeed, it follows from Eq. (A19) that the resonance con-
tribution is negative for Γ/(E−E0) < 2ak. The cross sec-
tion even disappears when the full phaseshift in Eq. (A17)
becomes zero for Γ/(E − E0) = tan(ak). Since this only
happens for special combinations of the parameters that
appear in the Schro¨dinger equation, we do not take this
effect into account in this work.
Appendix B: Constraints on new light particles
coupling to leptons
In this Appendix we summarize constraints on new
light bosons φ, in particular those of the type that appear
in our toy-model introduced in Sec. IV A.
The strongest indirect constraints come from boson
loops contributing to the anomalous magnetic moment
of the muon, aµ ≡ (gµ − 2)/2. The deviation between
the experimentally measured and theoretically expected
value is ∆aµ = a
Exp
µ − aSMµ = (255 ± 63 ± 49) × 10−11,
which corresponds to a discrepancy of 3.2 times the esti-
mated 1σ error [40]. We will require that the contribution
of a new theory does not worsen this discrepancy beyond
the 5σ level, i.e. −1.45× 10−9 . anewµ . 6.55× 10−9.
The contribution of the pseudoscalar field to the mag-
netic moment of the muon is given by [70]
apµ = α
1/2
em
gp`
2
4pi3/2
∫ 1
0
dx
−x3
x2 + (1− x)m2p/m2µ
(B1)
and the contribution of the scalar field is given by
asµ = α
1/2
em
gs`
2
4pi3/2
∫ 1
0
dx
2x2 − x3
x2 + (1− x)m2s/m2µ
. (B2)
For a scalar of mass 0.1 (1, 10) GeV, the resulting limit
on the coupling to muons is gs` . 1.8× 10−3 (6.7× 10−3,
4.4× 10−2); for pseudoscalars, the limit is stronger by a
factor of roughly 2 (for similar constraints, albeit usu-
ally often considered for masses below 100 MeV, see
e.g. Refs. [71–73] and references therein). Let us stress
that these constraints only apply in the limit where the
respective other particle’s contribution to aµ can be ne-
glected. Since the two contributions have opposite signs,
however, in principle even considerably larger values of
gs` could be allowed for suitable choices of mp and g
p
` if
one is willing to accept the necessary fine-tuning. In the
case of exactly degenerate masses and couplings, e.g., the
limits weaken to gs` = g
p
` . 0.003 (0.016, 0.15) for masses
of mφ = 0.1 (1, 10) GeV.
The most important direct constraints on new light
bosons derive from beam dump experiments, where the
incoming electrons could radiate such particles and one
tries to spot their decay products behind the stopped
electron beam (see, e.g., Ref. [74] for an overview and
Refs. [71, 75] for a recent discussion). The only such ex-
periment that currently can probe scalar particles heav-
ier than around 100 MeV, however, is E137 at Fermilab
[76]: for 100 MeV. mφ . 400 MeV, couplings to elec-
trons are excluded in a rather narrow band of roughly
gφ` ∼ 10−7 − 10−6. Future beam dump experiments may
extend such limits up to masses of a few GeV and close
the gap to the limits obtained by the muon g − 2 con-
straints discussed above [75, 77, 78]. New constraints
in this region may possibly also be obtained with a low
energy electron-proton collider [71].
For masses mφ > 2mµ ≈ 210 MeV, the currently
strongest constraints (apart from the small E137 win-
dow mentioned above) derive from the BaBar search for
Υ decays into light (pseudo)scalar particles that subse-
quently decay into muons, e+e− → Υ(3S) → γφ and
φ → µ+µ− [79]. Since the final states are identical,
the BaBar limits can be interpreted as limits on the
direct production of light bosons in e+e− → γφ; as-
suming identical couplings to electrons and muons, this
leads to roughly gφ` . 10−3 – with, however, considerably
weaker constraints for masses around the ρ resonance at
mφ ≈ 770 MeV [78].
While our toy-model is only loosely motivated by the
excess [31] in cosmic ray leptons, let us mention that
additional constraints in principle arise if one takes this
connection seriously and requires that the positrons (and
electrons) from DM annihilation do fit the cosmic ray
data. The fact that the cosmic ray antiproton spectrum
[80] is consistent with the expectation for the astrophys-
ical background [81] puts severe limits on hadronic de-
cay modes of the new light particles [41, 82] compared to
those required for the leptonic modes (see, e.g., Ref. [42]);
as a consequence, the coupling to quarks should very
roughly be suppressed as gφq . 0.3 gφ` . The large annihi-
lation rates that are required to fit the cosmic ray lepton
data are also potentially in conflict with both gamma-
ray and radio observations towards the galactic center
[83, 84], gamma rays in the galactic halo due to inverse
Compton scattering of the high-energy leptons [85], as
well as with measurements of the cosmic microwave back-
ground [18, 64, 86, 87] or even big bang nucleosynthesis
[88] (see also Ref. [61] for an overview over these and
similar constraints).
Completely independent of the cosmic ray connection,
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finally, very stringent constraints on low values of g` arise
in principle from DM annihilation-induced gamma rays
from galaxy clusters since in this case the smallest proto-
halos form with very small masses and the annihilation
flux from substructures is maximized; the corresponding
constraints presented in Ref. [33], however, are rather
model-dependent and not easily translated to our case –
see the dedicated discussion in Sec. V.
Appendix C: Matrix elements and cross-sections
In this Appendix, we present relevant interaction rates
for the leptophilic model introduced in Sec. IV A.
The full expressions for the DM annihilation cross sec-
tion, which we used in our calculations, are somewhat
lengthy and not very illuminating. Here, we therefore
only state the result up to O
(
v2,m2φ/m
2
χ
)
:
vrelσχ¯χ→φpφs '
gsχ
2gpχ
2
16pim2χ
[
1 +
1
4
m2s +m
2
p
m2χ
(C1)
−
(
3 +
2
3
m2s +m
2
p
m2χ
)
v2
]
,
vrelσχ¯χ→φsφs '
3gsχ
4
32pim2χ
[
1 +
11
18
m2s
m2χ
]
v2 , (C2)
vrelσχ¯χ→φpφp '
gpχ
4
96pim2χ
[
1− 1
2
m2p
m2χ
]
v2 . (C3)
The fact that the two last cross-sections vanish for small
velocities is simply a reflection of parity conservation.
Note also that the direct s-channel annihilation into SM
particles is strongly suppressed with (g
s/p
` )
2 and thus neg-
ligible.
The matrix element for the elastic scattering of DM
with standard model particles, if mediated only by a
scalar, is given by
|Ms|2 = 4g
s
`
2gsχ
2
(t−m2s)2
(
4m2χ − t
) (
4m2` − t
)
. (C4)
In the case of a pseudoscalar mediator, we find
|Mp|2 = 4g
p
`
2
gpχ
2
(t−m2p)2
t2. (C5)
In order to calculate the collision term for scattering pro-
cesses to a sufficient accuracy, one only needs to evaluate
the matrix elements at t = 0, cf. Eq. (21). Therefore,
only the scalar mediator gives a non-negligible contribu-
tion to the scattering processes we are interested in here.
The elastic scattering of DM with the light mediator
particles φ can actually be much more efficient than the
scattering with standard model particles – at least as long
as nφ is not yet strongly Boltzmann suppressed. This can
directly be seen from a comparison of Eq. (C4) with the
matrix element for χφs ↔ χφs which, in the relevant
limit, is given by
|M|2t=0
s=m2χ+2mχω+m
2
s
=
128 gsχ
4m4χ
(
m2s − ω2
)2(
m4s − 4m2χω2
)2 , (C6)
where ω is the energy of φs. For the scattering with pseu-
doscalar particles, χφp ↔ χφp, this expression becomes
|M|2t=0
s=m2χ+2mχω+m
2
p
=
128 gpχ
4m4χω
4(
m4p − 4m2χω2
)2 . (C7)
The inelastic scattering χφp ↔ χφs is generally sup-
pressed with respect to the dominant of the above two
scattering modes; for degenerate masses mφ = mp = ms,
e.g., we find
|M|2t=0
s=m2χ+2mχω+m
2
φ
=
32 gpχ
2gsχ
2m4φm
2
χ
(
ω2 −m2φ
)
(
m4φ − 4m2χω2
)2 .
(C8)
In order to apply our formalism even to scattering with
the light mediator particles, we finally need to make sure
that these are still in thermal equilibrium with the heat
bath. Unlike for the (assumedly) stable DM particles,
equilibrium is in this case most efficiently maintained by
(inverse) decay processes φ↔ ¯`` and the first moment of
the Boltzmann equation reads6
n˙φ + 3Hnφ = −
∫
d3k
(2pi)32ω
∫
d3k˜
(2pi)32ω˜
∫
d3p
(2pi)32E
×(2pi)4δ(4)(p− k˜ − k)|M|2φ→ ¯``{[
1− g+(ω)] [1− g+(ω˜)] f(p)
−g+(ω)g+(ω˜) [1 + f(p)]
}
(C9)
= −〈Γ〉
(
nφ − neqφ
)
. (C10)
Up to one remaining integral in ω+ ≡ ω + ω˜, the above
phase-space integrals can be fully performed analytically
and the thermally averaged decay rate is given by
〈Γ〉 = |M|
2
φ→ ¯``
8(2pi)
3
neqφ
∫∫
d3k d3k˜ δ(E − ω − ω˜)
ωω˜(ω + ω˜)
(
e
ω
T + 1
) (
e
ω˜
T + 1
)
(C11)
=
ΓφTmφ
pi2neqφ
√
1− 4m2`
m2φ
∫ ∞
mφ
dω+
e
ω+
T − 1
log
[
cosh
ωm−+ω+
4T
cosh
ωm−−ω+
4T
]
.
(C12)
6 We also calculated the annihilation rates and found that these
are, as expected, much smaller than the decay rates. In fact,
the φ particles would in some cases never have been in thermal
equilibrium if only 2↔ 2 processes were taken into account.
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In the above expressions, E =
√
(k+ k˜)2 +m2φ, ω
m
− =√
1− 4m2`/m2φ
√
ω2+ −m2φ and neqφ is the equilibrium
number density which in the nonrelativistic limit be-
comes neqφ = m
2
χTK2(mφ/T )/(2pi
2). For very small tem-
peratures, T  mφ, 〈Γ〉 of course simply reduces to the
decay rate at rest, for φ→ ¯`` , given by
Γs =
gs`
2
8pi
ms
(
1− 4m
2
`
m2s
) 3
2
, (C13)
Γp =
gp`
2
8pi
mp
(
1− 4m
2
`
m2p
) 1
2
. (C14)
[1] E. Komatsu et al. (WMAP Collaboration), Astrophys. J.
Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]].
[2] for reviews see, e.g., G. Jungman, M. Kamionkowski and
K. Griest, Phys. Rept. 267, 195 (1996) [hep-ph/9506380];
L. Bergstro¨m, Rept. Prog. Phys. 63, 793 (2000) [hep-
ph/0002126]; G. Bertone, D. Hooper and J. Silk, Phys.
Rept. 405, 279 (2005) [hep-ph/0404175].
[3] B. W. Lee and S. Weinberg, Phys. Rev. Lett. 39, 165
(1977); J. E. Gunn, B. W. Lee, I. Lerche, D. N. Schramm
and G. Steigman, Astrophys. J. 223, 1015 (1978).
[4] K. Griest and D. Seckel, Phys. Rev. D 43, 3191 (1991).
[5] P. Gondolo and G. Gelmini, Nucl. Phys. B 360, 145
(1991).
[6] J. Edsjo¨ and P. Gondolo, Phys. Rev. D 56, 1879 (1997)
[hep-ph/9704361].
[7] C. Schmid, D. J. Schwarz and P. Widerin, Phys. Rev. D
59, 043517 (1999) [astro-ph/9807257].
[8] X. -l. Chen, M. Kamionkowski and X. -m. Zhang, Phys.
Rev. D 64, 021302 (2001) [astro-ph/0103452].
[9] T. Bringmann and S. Hofmann, JCAP 0407, 016 (2007)
[hep-ph/0612238].
[10] T. Bringmann, New J. Phys. 11, 105027 (2009)
[arXiv:0903.0189 [astro-ph.CO]].
[11] S. Hofmann, D. J. Schwarz and H. Stoecker, Phys. Rev.
D 64, 083507 (2001) [astro-ph/0104173].
[12] V. Berezinsky, V. Dokuchaev and Y. Eroshenko, Phys.
Rev. D 68, 103003 (2003) [astro-ph/0301551].
[13] A. M. Green, S. Hofmann and D. J. Schwarz, Mon. Not.
Roy. Astron. Soc. 353, L23 (2004) [astro-ph/0309621].
[14] A. M. Green, S. Hofmann and D. J. Schwarz, JCAP
0508, 003 (2005) [astro-ph/0503387].
[15] A. Loeb and M. Zaldarriaga, Phys. Rev. D 71, 103520
(2005) [astro-ph/0504112].
[16] E. Bertschinger, Phys. Rev. D 74, 063509 (2006) [astro-
ph/0607319].
[17] J. B. Dent, S. Dutta and R. J. Scherrer, Phys. Lett. B
687, 275 (2010) [arXiv:0909.4128 [astro-ph.CO]].
[18] J. Zavala, M. Vogelsberger and S. D. M. White, Phys.
Rev. D 81, 083502 (2010) [arXiv:0910.5221 [astro-
ph.CO]].
[19] J. L. Feng, M. Kaplinghat and H. -B. Yu, Phys. Rev. D
82, 083525 (2010) [arXiv:1005.4678 [hep-ph]].
[20] A. Sommerfeld, Ann. Phys. (Leipzig) 403, 257 (1931).
[21] J. Hisano, S. Matsumoto and M. M. Nojiri, Phys. Rev.
D 67, 075014 (2003) [hep-ph/0212022].
[22] J. Hisano, S. Matsumoto and M. M. Nojiri, Phys. Rev.
Lett. 92, 031303 (2004) [hep-ph/0307216].
[23] J. Hisano, S. .Matsumoto, M. M. Nojiri and O. Saito,
Phys. Rev. D 71, 063528 (2005) [hep-ph/0412403].
[24] M. Cirelli and A. Strumia, PoS IDM 2008, 089 (2008)
[arXiv:0808.3867 [astro-ph]].
[25] N. Arkani-Hamed, D. P. Finkbeiner, T. R. Slatyer
and N. Weiner, Phys. Rev. D 79, 015014 (2009)
[arXiv:0810.0713 [hep-ph]].
[26] M. Pospelov and A. Ritz, Phys. Lett. B 671, 391 (2009)
[arXiv:0810.1502 [hep-ph]].
[27] I. Cholis, D. P. Finkbeiner, L. Goodenough and
N. Weiner, JCAP 0912, 007 (2009) [arXiv:0810.5344
[astro-ph]].
[28] Y. Nomura and J. Thaler, Phys. Rev. D 79, 075008
(2009) [arXiv:0810.5397 [hep-ph]].
[29] P. J. Fox and E. Poppitz, Phys. Rev. D 79, 083528 (2009)
[arXiv:0811.0399 [hep-ph]].
[30] M. Lattanzi and J. I. Silk, Phys. Rev. D 79, 083523
(2009) [arXiv:0812.0360 [astro-ph]].
[31] O. Adriani et al. (PAMELA Collaboration), Nature 458,
607 (2009) [arXiv:0810.4995 [astro-ph]]; O. Adriani et
al. (PAMELA Collaboration), Phys. Rev. Lett. 106,
201101 (2011) [arXiv:1103.2880 [astro-ph.HE]]; J. Chang,
J. H. Adams, H. S. Ahn, G. L. Bashindzhagyan,
M. Christl, O. Ganel, T. G. Guzik and J. Isbert et al.,
Nature 456, 362 (2008); F. Aharonian et al. (H.E.S.S.
Collaboration), Phys. Rev. Lett. 101, 261104 (2008)
[arXiv:0811.3894 [astro-ph]]; A. A. Abdo et al. (The
Fermi LAT Collaboration), Phys. Rev. Lett. 102, 181101
(2009) [arXiv:0905.0025 [astro-ph.HE]]; F. Aharonian et
al. (H.E.S.S. Collaboration), Astron. Astrophys. 508, 561
(2009) [arXiv:0905.0105 [astro-ph.HE]]; M. Ackermann et
al. (Fermi LAT Collaboration), Phys. Rev. D 82, 092004
(2010) [arXiv:1008.3999 [astro-ph.HE]].
[32] A. Pinzke, C. Pfrommer and L. Bergstro¨m, Phys.
Rev. Lett. 103, 181302 (2009) [arXiv:0905.1948 [astro-
ph.HE]].
[33] A. Pinzke, C. Pfrommer and L. Bergstro¨m, Phys. Rev.
D 84, 123509 (2011) [arXiv:1105.3240 [astro-ph.HE]].
[34] J. Bernstein, Kinetic Theory In The Expanding Universe
(University press, Cambridge, 1988).
[35] E. W. Kolb and M. S. Turner, The early universe
20
(Addison-Wesley, 1990).
[36] G. Arcadi and P. Ullio, Phys. Rev. D 84, 043520 (2011)
[arXiv:1104.3591 [hep-ph]].
[37] M. R. Buckley and P. J. Fox, Phys. Rev. D 81, 083522
(2010) [arXiv:0911.3898 [hep-ph]].
[38] J. L. Feng, M. Kaplinghat and H. -B. Yu, Phys. Rev.
Lett. 104, 151301 (2010) [arXiv:0911.0422 [hep-ph]].
[39] C. Ramsauer, Phys. Z. (1921), 613-615
[40] K. Nakamura et al. (Particle Data Group Collaboration),
J. Phys. G G 37, 075021 (2010).
[41] M. Cirelli, M. Kadastik, M. Raidal and A. Strumia, Nucl.
Phys. B 813, 1 (2009) [arXiv:0809.2409 [hep-ph]].
[42] L. Bergstro¨m, J. Edsjo¨ and G. Zaharijas, Phys. Rev. Lett.
103, 031103 (2009) [arXiv:0905.0333 [astro-ph.HE]].
[43] L. Bergstro¨m, T. Bringmann and J. Edsjo¨, Phys. Rev. D
78, 103520 (2008) [arXiv:0808.3725 [astro-ph]].
[44] P. D. Serpico, arXiv:1108.4827 [astro-ph.HE].
[45] Z. Fodor and S. D. Katz, JHEP 0404, 050 (2004)
[hep-lat/0402006]; C. Bernard, T. Burch, E. B. Gre-
gory, D. Toussaint, C. E. DeTar, J. Osborn, S. Gottlieb,
U. M. Heller, and R. Sugar [MILC Collaboration], Phys.
Rev. D 71, 034504 (2005) [hep-lat/0405029].
[46] M. Hindmarsh and O. Philipsen, Phys. Rev. D 71, 087302
(2005) [hep-ph/0501232].
[47] L. Pieri, E. Branchini and S. Hofmann, Phys. Rev. Lett.
95, 211301 (2005) [astro-ph/0505356].
[48] S. K. Lee, S. ’i. Ando and M. Kamionkowski, JCAP
0907, 007 (2009) [arXiv:0810.1284 [astro-ph]].
[49] S. ’i. Ando and E. Komatsu, Phys. Rev. D 73,
023521 (2006) [astro-ph/0512217]; S. ’i. Ando, E. Ko-
matsu, T. Narumoto and T. Totani, Phys. Rev. D 75,
063519 (2007) [astro-ph/0612467]; M. Fornasa, L. Pieri,
G. Bertone and E. Branchini, Phys. Rev. D 80, 023518
(2009) [arXiv:0901.2921 [astro-ph]].
[50] F. Li, A. L. Erickcek and N. M. Law, arXiv:1202.1284
[astro-ph.CO].
[51] L. A. Moustakas, K. Abazajian, A. Benson, A. S. Bolton,
J. S. Bullock, J. Chen, E. Cheng and D. Coe
et al., arXiv:0902.3219 [astro-ph.CO]; J. Chen and
S. M. Koushiappas, Astrophys. J. 724, 400 (2010)
[arXiv:1008.2385 [astro-ph.CO]].
[52] S. M. Koushiappas, New J. Phys. 11, 105012 (2009)
[arXiv:0905.1998 [astro-ph.CO]].
[53] J. Hisano, S. Matsumoto, M. Nagai, O. Saito and
M. Senami, Phys. Lett. B 646, 34 (2007) [hep-
ph/0610249].
[54] M. Cirelli, A. Strumia and M. Tamburini, Nucl. Phys. B
787, 152 (2007) [arXiv:0706.4071 [hep-ph]].
[55] J. March-Russell, S. M. West, D. Cumberbatch and
D. Hooper, JHEP 0807, 058 (2008) [arXiv:0801.3440
[hep-ph]].
[56] H. Iminniyaz and M. Kakizaki, Nucl. Phys. B 851, 57
(2011) [arXiv:1008.2905 [astro-ph.CO]].
[57] A. Hryczuk, R. Iengo and P. Ullio, JHEP 1103, 069
(2011) [arXiv:1010.2172 [hep-ph]].
[58] A. Hryczuk, Phys. Lett. B 699, 271 (2011)
[arXiv:1102.4295 [hep-ph]].
[59] J. M. Cornell and S. Profumo, arXiv:1203.1100v1 [hep-
ph].
[60] S. Profumo, K. Sigurdson and M. Kamionkowski, Phys.
Rev. Lett. 97, 031301 (2006) [astro-ph/0603373].
[61] D. P. Finkbeiner, L. Goodenough, T. R. Slatyer, M. Vo-
gelsberger and N. Weiner, JCAP 1105, 002 (2011)
[arXiv:1011.3082 [hep-ph]]; T. R. Slatyer, N. Toro and
N. Weiner, arXiv:1107.3546 [hep-ph].
[62] J. D. March-Russell and S. M. West, Phys. Lett. B 676,
133 (2009) [arXiv:0812.0559 [astro-ph]];
[63] D. Feldman, Z. Liu and P. Nath, Phys. Rev. D 79, 063509
(2009) [arXiv:0810.5762 [hep-ph]]; M. Ibe, H. Murayama
and T. T. Yanagida, Phys. Rev. D 79, 095009 (2009)
[arXiv:0812.0072 [hep-ph]]; W. L. Guo and Y. L. Wu,
Phys. Rev. D 79, 055012 (2009) [arXiv:0901.1450 [hep-
ph]]; X. -J. Bi, P. -F. Yin and Q. Yuan, Phys. Rev. D 85,
043526 (2012) [arXiv:1106.6027 [hep-ph]].
[64] S. Hannestad and T. Tram, JCAP 1101, 016 (2011)
[arXiv:1008.1511 [astro-ph.CO]].
[65] S. Cassel, J. Phys. G G37, 105009 (2010)
[arXiv:0903.5307 [hep-ph]].
[66] T. R. Slatyer, JCAP 1002, 028 (2010) [arXiv:0910.5713
[hep-ph]].
[67] S. A. Khrapak, A. V. Ivlev, G. E. Morfill, S. K. Zhadanov,
Phys. Rev. Let. 90, 225002 (2003).
[68] S. A. Khrapak, A. V. Ivlev, G. E. Morfill, S. K. Zhadanov,
H. M. Thomas, IEEE. Trans. Pl. Sc. 32, 555 (2004).
[69] L. D. Landau, E. M. Lifshitz, Quantum Mechanics
(Non-relativistic Theory) Course of Theoretical Physics,
(Butterworth-Heinemann, Oxford, New York, 1977), Vol.
3.
[70] J. P. Leveille, Nucl. Phys. B 137, 63 (1978).
[71] M. Freytsis, G. Ovanesyan and J. Thaler, JHEP 1001,
111 (2010) [arXiv:0909.2862 [hep-ph]].
[72] P. Fayet, Phys. Rev. D 75, 115017 (2007) [hep-
ph/0702176 [HEP-PH]].
[73] M. Pospelov, Phys. Rev. D 80, 095002 (2009)
[arXiv:0811.1030 [hep-ph]].
[74] J. Jaeckel and A. Ringwald, Ann. Rev. Nucl. Part. Sci.
60, 405 (2010) [arXiv:1002.0329 [hep-ph]].
[75] J. D. Bjorken, R. Essig, P. Schuster and N. Toro, Phys.
Rev. D 80, 075018 (2009) [arXiv:0906.0580 [hep-ph]].
[76] J. D. Bjorken, S. Ecklund, W. R. Nelson, A. Abashian,
C. Church, B. Lu, L. W. Mo, T. A. Nunamaker, and
P. Rassmann, Phys. Rev. D 38, 3375 (1988).
[77] S. Abrahamyan et al. (APEX Collaboration), Phys. Rev.
Lett. 107, 191804 (2011) [arXiv:1108.2750 [hep-ex]].
[78] R. Essig, P. Schuster, N. Toro and B. Wojtsekhowski,
JHEP 1102, 009 (2011) [arXiv:1001.2557 [hep-ph]].
[79] B. Aubert et al. (BABAR Collaboration), Phys. Rev.
Lett. 103, 081803 (2009) [arXiv:0905.4539 [hep-ex]].
[80] O. Adriani et al. (PAMELA Collaboration), Phys.
Rev. Lett. 105, 121101 (2010) [arXiv:1007.0821 [astro-
ph.HE]].
[81] F. Donato, D. Maurin, P. Salati, A. Barrau, G. Boudoul
and R. Taillet, Astrophys. J. 563, 172 (2001) [astro-
ph/0103150]; T. Bringmann and P. Salati, Phys. Rev.
D 75, 083006 (2007) [astro-ph/0612514].
[82] F. Donato, D. Maurin, P. Brun, T. Delahaye and
P. Salati, Phys. Rev. Lett. 102, 071301 (2009)
[arXiv:0810.5292 [astro-ph]].
[83] L. Bergstro¨m, G. Bertone, T. Bringmann, J. Edsjo¨
and M. Taoso, Phys. Rev. D 79, 081303 (2009)
[arXiv:0812.3895 [astro-ph]].
[84] E. J. Baxter and S. Dodelson, Phys. Rev. D 83, 123516
(2011) [arXiv:1103.5779 [astro-ph.CO]].
[85] P. Meade, M. Papucci, A. Strumia and T. Volansky, Nucl.
Phys. B 831, 178 (2010) [arXiv:0905.0480 [hep-ph]].
[86] S. Galli, F. Iocco, G. Bertone and A. Melchiorri,
Phys. Rev. D 80, 023505 (2009) [arXiv:0905.0003 [astro-
ph.CO]].
21
[87] T. R. Slatyer, N. Padmanabhan and D. P. Finkbeiner,
Phys. Rev. D 80, 043526 (2009) [arXiv:0906.1197 [astro-
ph.CO]].
[88] J. Hisano, M. Kawasaki, K. Kohri, T. Moroi,
K. Nakayama and T. Sekiguchi, Phys. Rev. D 83, 123511
(2011) [arXiv:1102.4658 [hep-ph]].
